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Abstract: Using wall-crossing formulae and the theory of mock modular forms we derive 
a holomorphic anomaly equation for the modified elliptic genus of two M5-branes wrap- 
ping a rigid divisor inside a Calabi-Yau manifold. The anomaly originates from restoring 
modularity of an indefinite theta-function capturing the wall-crossing of BPS invariants 
associated to D4-D2-D0 brane systems. We show the compatibility of this equation with 
anomaly equations previously observed in the context of = 4 topological Yang- Mills the- 
ory on and E-strings obtained from wrapping M5-branes on a del Pezzo surface. The 
non-holomorphic part is related to the contribution originating from bound-states of singly 
wrapped M5-branes on the divisor. We show in examples that the information provided by 
the anomaly is enough to compute the BPS degeneracies for certain charges. We further 
speculate on a natural extension of the anomaly to higher D4-brane charge. 



Contents 



i 



E 



0. 



Introduction 



Effective descriptions of wrapped M5-branes 

|2.1| The elliptic genus and D4-D2-D0 branes 
2I2I M = 4 SYM, E-strings and bound-states 



2.3 Generating functions from wall-crossing 



Wall-crossing and mock modularity 

T| D4-D2-D0 wall-crossing 

Relation of KS to Gottsche's wall-crossing formula 
Holomorphic anomaly at rank two 

Elliptic genus at rank two and modularity 



3.3.1 



3.3.2| Proof of holomorphic anomaly at rank two 



^ Applications and extensions 

Blow-up formulae and vanishing chambers 
Applications to surfaces with 6^ = 1 
Extensions to higher rank and speculations 

4.3.1 Higher rank anomaly and mock modularity of higher depth 

4.3.2 The contour description 



Is]. Conclusions 

|A| . Divisors in Calabi-Yau spaces 

[A.l General facts about rigid divisors 



A. 2 Toric data of CY containing Hirzebruch surfaces F„ 



D-branes and sheaves 



B.l Charges of D-branes and sheaves 



B.2| Stability conditions and moduli space 



(Mock) modularity 
|C.1| Mock modular forms 



C.2 Modular forms 



12 
14 

M 

16 
17 
17 
19 

20 

m 



27 
30 

m 
m 

31 

m 



34 
m 



C.3| Modular properties of the elliptic genus 



|D|. Elliptic genera of K3 and ^K3 



38 



- 1 - 



1. Introduction 

The study of background dependence of physical theories has been a rich source of insights. 
Understanding the change of correlators as the background parameters are varied supple- 
mented by boundary data can be sufficient to solve the theory. A class of theories where 
the question of background dependence can be sharply stated are topological field theo- 
ries. Correlators in topological theories typically have holomorphic expansions near special 
values of the background moduli. The expansion coefficients can be given precise math- 
ematical meaning as topological invariants of the geometrical configuration contributing 
to the topological non-trivial sector of the path integral. Physically the expansion often 
captures information of the degeneracies of BPS states of theories related to the same 
geometry. 

An example of this is the topological A-model ||l|, with a Calabi-Yau three- fold (CY) 
X as target space, which in a large volume limit counts holomorphic maps from the world- 
sheet into H2{X, TL) and physically captures the degeneracies of BPS states coming from an 
M-theory compactification on X [§, |3|. Another example is the modified elliptic genus of 
an M5-brane wrapping a complex surface which was related in ref. Q to the partition 
function of topologically twisted = 4 Yang-Mills theory |5|, which computes generating 
functions of Euler numbers of moduli spaces of instantons. This same quantity was shown 
in ref. to capture the geometric counting of degeneracies of systems of D4-D2-D0 black 
holes associated to the MSW string [^. 

In both cases the topological theories enjoy duality symmetries. T-duality acting on 
the Kahler moduli on X in the topological string case and S-duality for the = 4 SYM 
theory acting on the gauge coupling r = ^ + The former symmetry extends by 
mirror symmetry and both might extend to [/-duality groups. Both symmetries can be 
conveniently expressed in the language of modular forms. 

The holomorphic expansions of the topological string correlators are given in the mod- 
uli spaces of families of theories. Fixing a certain background corresponding to a certain 
point in the moduli space, the topological correlators are expected to be holomorphic 
expansions. In refs. |^ holomorphic anomaly equations governing topological string am- 
plitudes were derived showing that this is not the case and hence the correlators suffer 
from background dependence.^ In ref. p7| ] a background independent meaning was given 
to the correlators, stating that the anomaly merely reflects the choice of polarization if the 
partition function is considered as a wave function only depending on half of the variables 
of some phase space which has a natural geometric meaning in this context. 

This anomaly is also manifest in a failure of target space duality invariance of the 
holomorphic expansion which can only be restored at the expense of holomorphicity as 

""^In the following we will use the terms surface, divisor and four-cycle (of a CY) interchangeably when 
the context is clear. 

^The anomaly relates correlators at a given genus to lower genera thus providing a way to solve the 
theory. Using a polynomial algorithm [ p^ , [l^ ] and boundary conditions this can be used to compute 
higher genus topological string amplitudes on compact CY manifolds and solve it on non-compact CY 
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shown in ref. fl^.'^ A similar story showed up in A/" = 4 topological U{2) SYM theory 
on [§, where it was shown that different sectors of the partition function need a non- 
holomorphic completion which was found earlier in ref. [^] in order to restore S-dualtiy 
invariance. An anomaly equation describing this non-holomorphicity was expected |5| in 
the cases where &2^(-P) = 1- In these cases holomorphic deformations of the canonical 
bundle are absent. The non- holomorphic contributions were associated with reducible 
connections U{n) — )• U{m) x U{n — m) |5|, ^. In ref. Q this anomaly was furthermore 
related to an anomaly appearing in the context of E-strings ||2^ . These strings arise from 
an M5-brane wrapping a del Pezzo surface Bg, also called ^K3. The anomaly in this context 
was related to the fact that n of these strings can form bound-states of m and (n — m) 
strings. Furthermore, the anomaly could also be related to the one appearing in topological 
string theory. 

The anomaly thus follows from the formation of bound-states. Although the holo- 
morphic expansion would not know about the contribution from bound-states, the restora- 
tion of duality symmetry forces one to take these contributions into account. The non- 
holomorphicity can be understood physically as the result of a regularization procedure. 
The path integral produces objects like theta-functions associated to indefinite quadratic 
forms which need to be regularized to avoid divergences. This regularization breaks the 
modular symmetry, restoring the symmetry gives non-holomorphic objects. The general 
mathematical framework to describe these non-holomorphic completions is the theory of 



mock modular forms developed by Zwegers in ref. |24|.^ A mock modular form /i(t) of 
weight A; is a holomorphic function which becomes modular after the addition of a function 
g*(r), at the cost of losing its holomorphicity. Here, 5*(t) is constructed from a modular 
form ^(r) of weight 2 — k, which is referred to as shadow. 

Another manifestation of the background dependence of the holomorphic expansions of 
the topological theories are wall-crossing phenomena associated to the enumerative content 
of the expansions. Mathematically, it is known that Donaldson-Thomas invariants jump 
on surfaces with 6^(P) = 1, see and references therein, for related physical works see 
for example refs. p8| , p^ ]. On the physics side wall-crossing refers to the jumping of the 
degeneracies of BPS states when walls of marginal stability are crossed. These phenomena 
were observed in the jumps of the soliton spectrum of two-dimensional theories |pfl] and were 



an essential ingredient of the work of Seiberg and Witten [31| in four-dimensional theories. 
Recent progress was triggered by formulae relating the degeneracies on both sides of the 
walls, which were given from a super gravity analysis in refs. |3^, |3^ and culminated in a 
mathematical rigorous formula of Kontsevich and Soibelman (KS) [^^, which could also 



be derived from continuity of physical quantities in refs. ||3^, Q (See also refs. [37, 38, p9|] ). 



The fact that the holomorphic anomaly describes how to transform the counting functions 
when varying the background moduli, which in turn changes the degeneracy of BPS states, 
suggests that non-holomorphicity and wall-crossing are closely related. In fact the failure of 
holomorphicity can be traced back to the boundary of the moduli space of the geometrical 
configuration, where the latter splits in several configurations with the same topological 



^Following the anomaly reformulation of refs. |19| , |2C| ], see also 
*See H, |§ and app. ^ for an introduction and overview. 
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charges. Mock modularity was used in a physical context studying the wall-crossing of 
degeneracies of A/" = 4 dyons^ in ref. [^]. In the context of A/" = 2 super symmetric theories 
the application of ideas related to mock modularity was initiated in ref. |42| and further 
pursued in refs. [43, 44, 45 1. These motivated parts of our work.^ 

In this paper we study the relation between wall-crossing and non-holomorphicity and 
relate the appearance of the two. A central role is played by a wall-crossing formula 
by Gottsche ||5^, where the Kahler moduli dependence of a generating function of Euler 
numbers of stable sheaves is given in terms of an indefinite theta-function due to Gottsche 
and Zagier . We show that this formula is equivalent to wall-crossing formulae of D4- 
D2-D0 systems in type IIA. The latter can be related to the (modified) elliptic genus of 
multiple M5-branes wrapping a surface. Rigid surfaces are subject to Gottsche's wall- 



crossing formula. Using ideas of Zwegers [24j, we translate the latter into a holomorphic 



anomaly equation for two M5-branes wrapping the surface/divisor. We show that this 
anomaly equation is the equation which was found in the context of = 4 SYM |^] and 



E-strings |23, We further propose the generalization of the anomaly equation for higher 
wrappings and comment on its implications for the wall-crossing of multiple D4-branes. 

The organization of this work is as follows. In section ^ we review the effective descrip- 
tion of physical theories obtained from wrapping n M5-branes on rigid divisors. Depending 
on the perspective, this is either described in terms of the MSW GET with (0,4) world- 
sheet supersymmetry or by U{n) Af = 4 topological SYM ||5|. Both cases admit a 
decomposition into theta- functions, the latter carry a dependence on the chosen Kahler 
class which determines the split into right- and left-movers. We recall the equivalent type 
IIA D4-D2-D0 brane description of the BPS states of the M5-branes. We continue with 
outlining the A/" = 4 Vafa-Witten theory and recall how bound-states of several E-strings 
cause an anomaly of the corresponding partition function. 

In section 3 we first show the equivalence of the Kontsevich-Soibelman wall-crossing 
formula and a formula found by Gottsche in terms of an indefinite theta-function which 
captures the wall-crossing of the generating function of Euler numbers of moduli spaces of 
stable sheaves on a complex surface P with 6^(i-') = 1. Physically this corresponds to the 
D4-D2-D0 bound-state description. We remedy the non-modularity of the indefinite theta- 



function using the ideas of Zwegers |24]. With the results at hand we prove a holomorphic 
anomaly equation for two M5-branes wrapping the divisor. 

In section 4 we apply the wall-crossing formula to compute the elliptic genus for several 
examples of surfaces with 6^(i-') = 1. Moreover, we provide the form of the holomorphic 
anomaly equation in the higher charge case that is compatible with the simple form ap- 
pearing in the context of E-strings. We furthermore explore the possibility of the anomaly 
having its origin in a choice of contour while doing the Eourier expansion of a meromorphic 
Jacobi form paralleling the reasoning in AA = 4 dyon wall-crossing [^] . 

Section 5 presents our conclusions, points out open problems and suggestions for future 
work. In the appendices we summarize several details. 



^See for example ref. |^] and references therein for more details. 

^Further physical appearances of mock modularity can be found for example in refs. |4|, 
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2. Effective descriptions of wrapped M5-branes 



In this section we review the effective descriptions of M5-branes wrapping a complex sur- 
face P as well as previous appearances of the holomorphic anomaly which will be derived in 
the next section. The world-volume theory of M5-branes can have either a two-dimensional 
CFT description in terms of the (MSW) CFT ||7| or a four-dimensional description giv- 
ing the A/" = 4 topologically twisted Yang- Mills theory of Vafa and Witten [^]. In the 
latter theory it was observed |^ that a non-holomorphicity [22| had to be introduced in 
order to restore 5-dualtiy, the resulting holomorphic anomaly was related in ref. to an 
anomaly appearing in the context of E-strings. The anomaly was conjectured to take 
into account contributions coming from reducible connections in = 4 SYM theory. In 
ref. it was related to the curve counting anomaly and was given the physical interpre- 
tation of taking into account the bound-state contribution of E-strings. Later we will show 
that the contributions from bound-states as a cause for non-holomorphicity will persist 
more generally for the class of surfaces we will be studying. In our work we investigate the 
(generalized/modified) elliptic genus which captures the content of the CFT description 



of the M5-branes [|, g and its relation to D4-D2-D0 systems [|, g g |3|, |5|, |5§] and 
the associated counting of black holes which has been intensively studied (e.g. in ref. [^). 
Our goal is to show that wall-crossing in D4-D2-D0 systems leads to an anomaly equation 
which coincides with the anomalies found before and hence our work complements in some 
sense this circle of ideas. 



2.1 The elliptic genus and D4-D2-D0 branes 

In the following we will start with the 2d CFT perspective of the M5-brane world-volume 
theory. We want to study BPS states that arise in the context of an M-theory compact- 
ification on a Calabi-Yau manifold X with r M5-branes wrapping a complex surface (or 
a four-cycle) P, and extended in R^'^ x . Considering P to be small compared to the 
M-theory circle, the reduction of the world-volume theory of the M5-brane is described by 
a (1 + l)-dimensional (0,4) MSW CFT ^7 The BPS states associated to the string that 
remains after wrapping the M5-branes on P are captured by a further compactification 
on a circle. They are counted by the partition function of the world-volume theory of 
the M5-branes on P X [|]. The effective CFT description wih thus exhibit mvariance 
under the full SL(2,Z) symmetry of the T^. Furthermore, excitations of the M5-branes 
will induce M2-brane charges corresponding to the flux of the self-dual field strength of 
the M5-brane world-volume theory. In addition, the momentum of the M2-branes along 
the M-theory circle will give rise to a further quantum number. As a result BPS states 
of the effective two-dimensional description will be labeled by the class of the divisor the 
M5-branes wrap, the M2-brane charges and by the momentum along S"^. In a type IIA 
setup, r times the class of the divisor will correspond to D4-brane charge, the induced 
M2-brane charge corresponds to D2-brane charge and the momentum to DO-brane charge. 

^The target space sigma model description of which was given in ref. [Q, for more details see ref jH^ 
and references therein. In the following we will be concerned with the natural extension of the analysis of 
the degrees of freedom to r M5-branes. 
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Choosing a basis , A = 1, . . . , 64 (X) of H^^X, Z), the charge vector will be given by*^ 



r = {Qe,Q4,Q2,Qo) = r{0,p^,qA,qo), (2.1) 

where the Qp are the Dp-brane charges and r is the number of coincident M5-branes 
wrapping the divisor specified hy p^. A priori the set of all possible induced D2-brane 
charges, or equivalently of U (1) fluxes of the world-volume of the M5-brane would be in 
one-to-one correspondence with Ap = //^(P, Z) which is generically a larger lattice than 
A = i* H'^ {X , Tj) , where i : P ^ X, however the physical BPS states are always labeled by 
the smaller lattice A. The metric (Iab on A is given by 

dAB = - j OA^aB, (2.2) 

where oa is a basis of two-forms in A, which is the dual basis to T,a of Hi[X, Z). In order 
to obtain a generating series of the degeneracies of those BPS states one has to sum over 
directions along A"*- which is the orthogonal complement to A in Ap w.r.t. cLab @. ^ 

The partition function of the MSW CFT counting the BPS states is given by the 



modified elliptic genus P, 52 1 



where the trace is taken over the RR Hilbert space. Furthermore, vectors are contracted 
w.r.t. the metric dAB, i.e. x ■ y = x^yA = dABX'^V^ ■ For a single M5-brane it was shown 
in ref. [53| that Zp^\t, z) transforms like a SL(2,Z) Jacobi form of bi- weight (0,2) due to 
the insertion of F^, we demand that the same is true for all r. 



Following ref. |53| the center of mass momentum pcm for the system of r M5-branes 
can be integrated out. In this way Lq and Lg can be written in the form 

L'o = \pL + ^0, 4 = \pL + U. (2.4) 



This allows one to split up the center of mass contribution and rewrite formula ( |2.3D as 

zP{t,z) = j d'pUqqf^'-4\r,z) 

~ {t2)-IzP{t,z), (2.5) 

where Zp\T, z) is now a Jacobi form of weight (— |, ^) which we simply call elliptic genus 
for short in the following. 



See appendix |B| for details. 

®In general, the lattice A © is only a sublattice of _ff^(P, Z), because AetdAB 7^ 1 in general, see 
for example ref. [|8| and ref. jssj for a more recent exposition. However, we will only be concerned with 
divisors P with feJ(-P) ~ 1, such that det d^s = 1- 

^°We follow the mathematics convention of not writing out explicitly the dependence on r which will 
be clear in the context. Moreover, we denote q = e^'^*'^ and r = ti + 1x2. To avoid confusion without 
introducing new notation we will denote the charge vector of D2-brane charges by q, its components by qA ■ 
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The decomposition of the elliptic genus 

The elliptic genus Zp (t, z) and equivalently the generating function of D4-D2-D0 BPS 
degeneracies is subject to a theta-function decomposition, which has been studied in many 
places, see for example refs. |5^, ^, |5^, This is ensured by two features of the 

superconformal algebra of the (0,4) CFT. One of these is that the r contribution entirely 
comes from BPS states \q) satisfying 

flo - S - ^4) k> = 0, (2.6) 



24 2 

the other one is the spectral flow isomorphism of the = (0, 4) superconformal algebra, 



which we want to recall for r M5-branes here, building on refs. [53, see also 
Proposition 2.9 of ref. ||60t| describes the spectral flow symmetry by an isomorphism between 
moduli spaces of vector bundles on complex surfaces. The complex surface here is the 
divisor P and the vector bundle configuration describes the bound-states of D4-D2-D0 
branes. Within this setup the result of |6C] translates for arbitrary r to a symmetry under 



the transformations 

qo ^ qo - k ■ q- ■ k, 

q^q + k, (2.7) 

where k G A. Physically these transformations correspond to monodromies around the 
large radius point in the moduli-space of the Calabi-Yau manifold [^. Denote by A* the 
dual lattice of A with respect to the metric rd^B- Keeping only the holomorphic degrees 
of freedom one can write 



ZP (r, z) = d{Q, Qo) ^2^iz-Q2 



?o;Q 



A 



d{r, q, -qo) e'^^^^'^^o ^2nirz-q^ 



go;£eA* + ^ 



where d{r, q, —qo) are the BPS degeneracies and the shift^^ originates from an anomaly 



1 61, |62|. Now, spectral flow symmetry predicts \^ 



d{r, q, -qo) = (-l)'^^-'d(r, q + k,-qo + k-q+'^). (2.9) 



Making use of this symmetry and the following definition 



q = k + fi + ^, n£A*/A, k£A, (2.10) 



^In components, [P] is given by eLabP^ ■ 
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one is led to the conclusion that the elliptic genus can be decomposed in the form 

4^(r,.)= E (2-11) 



/S(^)= E <H9o)e^-^-^^°, (2.12) 

^_2-)»-p-(fc+/x)g27rjrr t ^27r irr ^ ^2nirz-(k+fi) ^ (2.13) 



where J G C(P) and C(P) denotes the Kahler cone of P restricted to A(8)M and = "90 ~ 
^q^ is invariant under the spectral flow symmetry. The subscript + refers to projection 
onto the sublattice generated by the Kahler form J and — is the projection to its orthogonal 
complement, i.e. 

4 = iilil!, ki = k^_kl. (2.14) 

There are two issues here for the case of rigid divisors with hl^iP) = 1 on which we 
want to comment as this class of divisors is the focus of our work. First of all note, that qq 
contains a contribution of the form^^ ^ Jp F f\F where F € Ap. Now, F can be decomposed 
into F = q + with q^ E A"*- , which allows us to write 

qo = % + ^gl- (2.15) 

For 6^(P) = 1 and r = 1, the degeneracies d{r,fi,qo) are independent of the choice of q^ 
and moreover it was shown by Gottsche that 



<?o 



j;d(l,/x,go)e2--^'° = -ipy. (2.16) 

Then, for r = 1 ( ^12]) b ecomes 

fW(r) = 



The second subtlety is concerned with the dependence on a Kahler class J. Due to 

■ir)( 



wall-crossing phenomena we will find that f^^\{T) also depends on J. We expect that it 



has the following expansion {qo = f. — ^] 

l>0 



/S(^) = ^-^y'"'' E mJ)q''-'^- (2.18) 



Here, the factor (— 1)'"P''^ is inserted to cancel its counterpart in the definition of which 
was only included to make the theta-functions transform well under modular transforma- 
tions. The invariants ^(T; J) are rational invariants first introduced by Joyce |64, ^ and 
are defined as follows 

mj) = E^^^^^^ (2.19) 

m|r 



^See appendix M for details. 
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where i}{T,J) is an integer- valued index of BPS degeneracies, given by 

n(T,J) = ^TT{2Jsf{-lf^\ (2.20) 

where J3 is a generator of the rotation group Spin(3). Note, that for a single M5-brane 
and Q become identical and independent of J. 

2.2 TV = 4 SYM, E-strings and bound-states 

In the following we recall the relation |Q] of the elliptic genus of M5-branes to the A/" = 4 
topological SYM theory of Vafa and Witten [^. Our goal is to relate the holomorphic 
anomaly equation which we will derive from wall-crossing in the next section to the anoma- 
lies appearing in the = 4 context. We review moreover the connection of the anomaly 
to the formation of bound-states given in ref. [^. 

The Af = 4 topological SYM arises by taking a different perspective on the world- 
volume theory of n M5-branes on P x T'^ considering the theory living on P which is the 
= 4 topologically twisted SYM theory described in ref. ||5[. The gauge coupling of this 
theory is given by 

T = — + 7^, 2.21 

and is geometrically realized by the complex structure modulus of the T^. The partition 
function of this theory counts instanton configurations by computing the generating func- 
tions of the Euler numbers of moduli spaces of gauge instantons /S-dualtiy translates 
to the modular transformation properties of the partition function. The analogues of D4- 
D2-D0 charges are the rank of the gauge group, different flux sectors and the instanton 
number. 

In ref. the relation is made between this theory and the geometrical counting of BPS 
states of exceptional strings obtained by wrapping M5-branes around a del Pezzo surface 
Bg, also called |K3. This string is dual to the heterotic string with an Eg instanton of zero 



size |67, 68] and is therefore called E-string. In F-theory this corresponds to a shrinking 



to zero size ||6^, 70, 71|. The geometrical study of the BPS states of this non-critical string 



was initiated in ref. and further pursued in refs. 1 73, 74, 23]. In ref. Q the counting 
of BPS states of the exceptional string with increasing winding n was related to the U{n), 
Af = 4 SYM partition functions. 

In the following we will use the geometry of ref. 1^2| which is an elliptic fibration over the 
Hirzebruch surface Fi, which in turn is a F^ fibration over 

F^i3 ^iii denote by tE,tF 
and t£) the Kahler parameters of the elliptic fiber, the fiber and the base of Fi, respectively 
and enumerate these by 1,2,3 in this order. We further introduce qa = e^'^**" , a = 1,2,3 
the exponentiated Kahler parameters appearing in the instanton expansion of the A-model 
at large radius, which are also the counting parameters of the BPS states. 

Within this geometry we will be interested in the elliptic genus of M5-branes wrapping 
two different surfaces, one is a K3 corresponding to wrapping the elliptic fiber and the 



'The toric data of this geometry is summarized in appendix 
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fiber of Fi, the resulting string is tfie heterotic string. The other possibihty is to wrap 
the base of Fi and the ehiptic fiber corresponding to ^K3 and leading to the E-string 
studied in refs. |7^, ^ 23, Q]. The two possibilities are realized by taking the limits 



to^tp — >• «oo, respectively. The resulting surface in both cases is still elliptically fibered 
which allows one to identify the D4-D0 charges n and p with counting curves wrapping 
n-times the base and p-times the fiber of the elliptic fibration [Q]. The multiple wrapping is 
hence encoded in the expansion of the prepotential i*b (^ii ^2, 93) of the geometry. In order 
to get a parameterization inside the Kahler cone of the K3 in which the corresponding 
curves in /72(K3,Z) intersect with the standard metric of the hyperbolic lattice T^'^, we 
define ti = ii , ^2 = ^2 — and = as well as the corresponding qi = qi-, q2 = 92/^1 and 
q3 = qs- Taking q2 or (73 — )• 0, the multiple wrapping of the base is expressed by 



Fo{h,ta) = Y,Z^'"Hti)<la, a = 2or3. (2.22) 



n>l 



The can be identified with the elliptic genus of n M5-branes wrapping the correspond- 
ing surface after taking a small elliptic fiber limit Q]. In this limit the contribution coming 
from the theta-functions ( p. 13 ) reduce to ^^"^ (rg ) for the K3(|K3) cases, these are 



the contributions of 3(1) copies of the lattice T^'^ appearing in the decomposition of the 
lattices of K3(^K3). Omitting these factors gives the of weight (—2, 0) in both cases. 
The elliptic genera of wrapping n M5-branes corresponding to n strings are in both cases 
related recursively to the lower wrapping. The nature of the recursion depends crucially 
on the ability of the strings to form bound-states. 

The heterotic string, no bound-states 

The heterotic string is obtained from wrapping an M5-brane on the K3 by taking the 
— )• limit. The heterotic string does not form bound-states and the recursion giving the 
higher wrappings in this case is the Hecke transformation^^ of Z^^^ as proposed in ref. Q. 
The formula for the Hecke transformation in this case is given by 

zW(t) = n-L-i ^ (^^) , (2.23) 

a,b,d ^ ^ 

with ad = n and b < d and a,b,d > 0. Which specializes for wi^ = —2 and n = p, where p 
is prime to 



Z(^\t) = -,z('Hpt) + i ( + (1+^-)+... + ZW ( i + P^) 
P P I \P J \P P J \P P J 



. (2.24) 



For example the partition functions for n = 1 , 2 obtained from the instanton part of the 
prepotential of the geometry read 



*For a review on Hecke transformations see Zagier's article in |fr5| 
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and are related by the Hecke transformation. Further examples of higher wrapping are 
given in the appendix 0. The fact that the partition functions of higher wrappings of the 
M5-brane on the K3, which correspond to multiple heterotic strings, are given by the Hecke 
transformation was interpreted Q by the absence of bound-states. Geometrically, multiple 
M5-branes on a K3 can be holomorphically deformed off one another. This argument fails 
for surfaces with 6^ = 1 and in particular for ^K3. 

One reason that the higher Z^^^ can be determined in such a simple way from Z^^^ 
can be understood in topological string theory from the fact that the BPS numbers on 
K3 depend only on the intersection of a curve = 2g — 2 [76|, and not on their class in 



-ff2(K3,Z). This allows to prove ( 2.23| ) to all orders in the limit of the topological string 



partition function under consideration by slightly modifying the proof in ||77[. Using the 
Picard-Fuchs system of the elliptic fibration one shows in the limit Q'3 — )• the first equality 
in the identity 

I ^4(^1)^6(^1)^4(^2) 

2{dtJ r,{t,Y\3{h) - j{t2)) (2 26) 

where j = E\/rf''^ and c(n) are defined as 

-iz« = ^c(n)g". (2.27) 

n 

This equations shows two things. The BPS numbers inside the Kahler cone of K3 depend 
only on = kl and all Z*^") are given by one modular form. The second fact can be used 
as in to establish that 

2(9^) ^o|,3^o = X;Fn(ti)g2", (2.28) 

where is the Hecke transform of Fi, i.e. rv'Fn = Fi\Tn. Using Bol's identity and restoring 
the rfi factors yields (2.23). 



E-strings and bound-states 

The recursion relating the higher windings of the E-strings to lower winding, developed in 



74^, ^ in contrast reads 



dE2 24 

s=l 



^ n—1 

Y.s{n-s)Z^^^Z(-~^\ (2.29) 



which becomes an anomaly equation, when E2 is completed into a modular object E2 by 
introducing a non-holomorphic part (see appendix |C|) . The anomaly reads: 



d^Jin) = '^^^ |]'.(n - .)ZWZ("-^) , (2.30) 
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and was given the interpretation of taking into account the contributions from bound- 
states. Starting from [72| 

Z« = (2.31) 
and using the vanishing of BPS states of certain charges one obtains recursively all Z^") 



1 74, ^. E.g. the n = 2 the contribution reads: 



^ ~ 127?24 + 24r?24 ' ^^-^^^ 

where the second summand has the form E2 (Z^^))^ and takes into account the contribution 
from bound-states of singly wrapped M5-branes. 

A relation to the anomaly equations appearing in topological string theory Q was 
pointed out in ref. Q and proposed for arbitrary genus in refs. [78, The higher genus 
generalization reads |7^ : 



(n) n— 1 



1 E 5;Kn-»)4f4r"+=^4-'.. 



dE2 24 ^ ^ ' ' f2 24 

gi+g2=g s=i 



where the instanton part of the A- model free energies at genus g is denoted by Fg{qi,q2, qs), 
and Fg{quq2 ^ 0,^3) = En>i 4"^€- The Z^^^ have the form @ 



Zj^-)=p(-){E2,E„E,f^, (2.34) 



(n) 

where Pg denotes a quasi- modular form of weight 2g + 6n — 2. 
2.3 Generating functions from wall-crossing 

In the last section we have argued that the partition function of = 4 U{r) Super- Yang- 
Mills theory suffers from a holomorphic anomaly for divisors with 6^(i-') = 1. In fact there 
exists another way to see the anomaly which is also intimately related to the computation 
of BPS degeneracies encoded in the elliptic genus and will be the subject of this section. 
This method relies on wall-crossing formulas and originally goes back to Gottsche and 



Zagier |27, In the physics context it has also been employed in |4^, It will be used 
in section ^ to derive the elliptic genus for BPS states and their anomaly rigorously. In the 
following presentation we will be very sketchy as we merely want to stress the main ideas. 
We refer to section ^ for details. 



The starting point is the Kontsevich-Soibelman formula [34| which describes the wall- 
crossing of bound-states of D-branes. Specifying to the case of two M5-branes and taking 
the equivalent D4-D2-D0 point of view the Kontsevich-Soibelman formula reduces to the 
primitive wall-crossing formula 

An{T; J ^J') = ^{T- J') - Vt{V- J) = (-l)<^i'r2>-i^ri. Pa) ^{Ti) ^{T2), (2.35) 
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which describes the change of BPS degeneracies of a bound-state with charge vector F = 
Fi -|-r2, once a wall of marginal stability specified by Jw is crossed. The symplectic charge 
product (•, •) is defined by 

(ri,r2) = -Q^'^Q? ^ + Qi'^ • Q? - Q^^ ■ Qf + Qi'^gf . (2.36) 

Hence, for D4-D2-D0 brane configurations (ri,r2) is independent of the DO-brane charge. 
Further, in eq. ( 2.35| ) Fi and F2 are primitive charge vectors such that rJ(Fi) do not depend 



on the moduli. Thus, the Fj can be thought of as charge vectors with r = 1 whereas F 
corresponds to a charge vector with r = 2. Assuming, that the wall of marginal stability 
does not depend on the DO-brane charge, formula ( |2.35| ) can be translated into a generating 
series A/^^j^j, defined by 

^/S->i' = E ^^(r; J ^ J') (2-37) 

Assuming that there exists a reference chamber J' such that 0(F; J) = 0, this gives us 
directly an expression for f^j- 

(2) 

As it will turn out in the next section, A/^ j^j' given in terms of an indefinite 
J J' 

theta-function ^ , which contains the information about the decays due to wall-crossing 
as one moves from J to J' . Indefinite theta- functions were analyzed by Zwegers in his 



thesis |24|. One of their major properties is that they are not modular as one only sums 
over a bounded domain of the lattice A specified by J and J' . However, Zwegers showed 
that by adding a non-holomorphic completion the indefinite theta-functions have modular 
transformation behavior and fall into the class of mock modular forms. Every mock 
modular form h of weight k has a shadow g, which is a modular form of weight 2 — k, such 
that the function 

h{T) = h{T)+g*{T) (2.38) 

transforms as a modular form of weight k but is not holomorphic. Here, g* is a certain 
transformation of the function g that introduces a non-holomorphic dependence. Taking 
the derivative of h with respect to r yields a holomorphic anomaly given by the shadow 

where T2 = Im(T). 

As described in sections ^ and ^ the (MSW) CFT and the = 4 U{r) Super- 
Yang-Mills partition functions should behave covariantly under modular transformations 

of the SL(2,Z) acting on r. Thus, the modular completion outlined above will effect the 

(2) J J' 

generating functions j through their relation to the indefinite theta-function ^ , which 

needs a modular completion to transform covariantly under modular transformations, i.e. 



^We review some notions in appendix ^. 
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and consequently j is replaced by f^ j. Due to eq. ( p.38| ) the counting function of BPS 

"(2) (2) 

invariants j and thus the elliptic genus Zp are going to suffer from a holomorphic 
anomaly, to which we turn next. 

3. Wall-crossing and mock modularity 

In this section we derive an anomaly equation for two M5-branes wound on a rigid sur- 
face/divisor P with 6^(-P) = 1, inside a Calabi-Yau manifold X. We begin by reviewing 
D4-D2-D0 bound-states in the type IIA picture and their wall-crossing in the context of 
the Kontsevich-Soibelman formula. Then we proceed by deriving a generating function for 
rank two sheaves from the Kontsevich-Soibelman formula which is equivalent to Gottsche's 



formula |51]. This generating function is an indefinite theta- function, which fails to be 
modular. As a next step we apply ideas of Zwegers to remedy this failure of modularity by 
introducing a non-holomorphic completion. This leads to a holomorphic anomaly equation 
of the elliptic genus of two M5-branes that we prove for rigid divisors P. 

3.1 D4-D2-D0 wall-crossing 

In the following we take on the equivalent type IIA point of view, adapting the discussion of 



refs. [ pO| , 44] to describe the relation to the Kontsevich-Soibelman wall-crossing formula 
1 34]. We restrict our attention to the D4-D2-D0 system on the complex surface P and work 
in the large volume limit with vanishing i?-field. 

Let us recall that a generic charge vector with D4-brane charge r is given by (see 
appendix ^ for details) 

r = (Qe, Q4, Q2, Qo) = r (^0, [P], i.F(f), ^ + ]^F{£f - , (3.1) 

where £^ is a sheaf on the divisor P. Further, we define 

We recall that in the large volume regime the notion of D-brane stability is equivalent 
to /i-stability, see [^] and appendix Given a choice of J € C{P), a sheaf £ is called 
/x-semi-stable if for every sub-sheaf £' 

Pl{£') ■ J < i2{£) • J. (3.3) 

Moreover, a wall of marginal stability is a co-dimension one subspace of the Kahler cone 
C{P) where the following condition is satisfied 

{fi{£,) - f,{£2)) ■ J = 0, (3.4) 

but is non-zero away from the wall. Across such a wall of marginal stability the configura- 
tion ( |3.lD splits into two configurations with charge vectors 

Ti = n (o, [P], i.Pi, ^ + ^ - M£i)) , 

XiP) , /■ 1 Z.2 



Fa = r2 { 0, [P], i,F2, ^ + J^ ^^2 " ^(£2) ) , (3.5) 
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where = rk(<?j) and /ij = fi[£i). By making use of the identity 

rA = riAi + r2A2 + — — , (3.6) 

2r V ^1 ^2 / 



one can show that F = Ti + r2. Therefore, charge- vectors as defined in ( p.lD form a vector- 
space which win be essential for the apphcation of the Kontsevich-Soibelman formula. 

Before we proceed, let us note, that the BPS numbers and the Euler numbers of the 
moduli space of sheaves are related as follows. Denote by Mj{T) the moduli space of 
semi-stable sheaves characterized by F. Its dimension reads ||8l|| 



dimcMj{r) = 2r2 - r^x{Op) + 1. (3.7) 
The relation between BPS invariants and the Euler numbers of the moduli spaces A4j{T) 



is then given by [gOj 



n(r, J) = {-if''^^^'^^'^x{M(T), J) . (3.8) 

Moreover, for the system of charges we have specified to, the symplectic pairing of charges 
simplifies to 

{Ti,T2) = rir2{fi2 - l^i) ■ [P] . (3.9) 

The holomorphic function fj[j{T) appearing in eq. ( |2.11| ) can now be identified with 
the generating function of BPS invariants of moduli spaces of semi-stable sheaves. Its wall 
crossing will be described in the following. 

Kontsevich-Soibelman wall-crossing formula 

Kontsevich and Soibelman have proposed a formula which determines the jumping 
behavior of BPS-invariants ^^(r; J) across walls of marginal stability. The wall-crossing 
formula is given in terms of a Lie algebra defined by generators er and a basic commutation 
relation 

[er„er,] = {-l)^'^'^'^'H'ri,^2)eT,+r,. (3.10) 
For every charge F an element Ur of the Lie group can be defined by 

Ur = e.p(-Y^'j]. (3.11) 

\ n>l J 

The Kontsevich-Soibelman wall-crossing formula states that across a wall of marginal 
stability the following formula holds 

f[ -Q u?(^-''-\ (3.12) 

r:Z{r;J)eV T:Z{r;J)£V 

where J+ and J_ denote Kahler classes on the two sides of the wall. Further, y is a region 
in R'^ bounded by two rays starting at the origin and r> denotes a clockwise ordering of 
the factors in the product with respect to the phase of the central charges Z{T; J), that 
are defined in eq. ( B.lOl) . 
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Restricting to the case r = 2 and ri = r2 = 1, ( ^.121) can be truncated to 

n n ^r^^'''^^ n ^^rT^ = n ^^rT^ n n ^rT^ (3-13) 

Qo,i Qo Qo,2 Qo,2 Qo Qo.i 

where Qq is the DO-brane charge of T and the Qo.i the DO-brane charges belonging to Fj, 
respectively. The above formula has been derived by setting all Lie algebra elements with 
D4-brane charge greater than two to zero. Therefore, the element er is central, using the 
Baker-Campbell-Hausdorff formula e-^e^ = e^e'^'^le^ and the fact that the symplectic 
product is independent of the DO-brane charge, one finds the following change of BPS 
numbers across a wall of marginal stability |3^ 

An(r) = (-i)<ri-r2)-i^r^^r2) ^ n(^ri)n{T2). (3.i4) 

Qo,i+Qo,2=Qo 

Moreover, one can deduce that the rank one degeneracies f^(ri) and ^{T2) do not depend 
on the modulus J. 



3.2 Relation of KS to Gottsche's wall-crossing formula 

Gottsche has found a wall-crossing formula for the Euler numbers of moduli spaces of rank 
two sheaves in terms of an indefinite theta-function in ref. [^]. In this section we want 
to derive a modified version of this formula from the Kontsevich-Soibelman wall-crossing 
formula associated to D4-D2-D0 bound-states with D4-brane charge equal to two. 

We use the short notation F = (r, fi, A) to denote a rank r sheaf with the specified 
Chern classes that is associated to the D4-D2-D0 states. For rank one sheaves the generat- 
ing function has no chamber dependence and we have already seen that it is given by ( 2. IT] ). 



Following the discussion of our last section, higher rank sheaves do exhibit wall-crossing 
phenomena and therefore do depend on the chamber in moduli space, i.e. on J G C(P). 

Our aim now is to determine the generating function of the D4-D2-D0 system using 
the primitive wall-crossing formula derived from the KS wall-crossing formula. From now 
on we restrict our attention to rank two sheaves £. They can split across walls of marginal 



stability into rank one sheaves £i and £2 as outlined in section 3.1. Using relation ( |3.6D we 
can write 

d = di + d2 + ^-C, (3.15) 



where C = /^i ~ and d = 2A. Further, a wall is given by ( p. 41 ), i.e. the set of walls given 
a split of charges ^ reads 

= {J gC{P)\C- J = 0} . (3.16) 

Now, consider a single wall Jyy £ determined by a set of vectors ^ G A -|- ^. Let J+ 
approach Jyy infinitesimally close from one side and J_ infinitesimally close from the other 
side. Thus, in our context the primitive wall-crossing formula ( |3.14 ) becomes 



n(F; J+) - niV; J_) = Yl (-1)'^-"'^ 2 (^ • [P]) 0(Fi) ^(Fa), (3.17) 

Qo,i+Qo,2=Qo 
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where we have used the identity ( ^ ) . Note, that Qo,i and Qq are determined in terms of 
r and r, through ( |3.1| ) and ( |3.5D . Now, we can sum over the DO-brane charges to obtain 
a generating series. This yields 



j;(0(r;j+)-n(r;j_))g' 



4- 



d>0 

where for the first equahty use has been made of the identities (3.15, |3.17] ), and for the 
second equahty the identity ( 2.17 ) has been used. The last line can be rewritten as 

^-^^^''^'^^'^^TyS?) ^°"^2..,(el^-^-(r, [P]y)), (3.19) 

where we have introduced the indefinite theta-function 

®Z(r,x):=^ J2 (sgn(J,0-sgn(J',0)e2-«'-'>(Z«(«, (3.20) 

with the inner product^^ defined by {x, y) = 2dABX^y^ and the quadratic form Q{Cj = 
As these theta-functions obey the cocycle condition [^] 

+ ©A,? = ©A,?' (3-21) 

we finally arrive at the beautiful relation between the BPS numbers in an arbitrary chamber 
J and those in a chamber J' first found by Gottsche in the case A = H'^{P,Z,): 

/S'(-) - /S(^) = l^^) Coeff2..,(ef;(r, [P]y)). (3.22) 
3.3 Holomorphic anomaly at rank two 

In this subsection we discuss the appearance of a holomorphic anomaly at rank two and 
give a proof of it by combing our previous results with results of Zwegers |24]. 

3.3.1 Elliptic genus at rank two and modularity 

An important datum in eq. ( 3.22| ) is the choice of chambers J, J' G C{P), which are any 
points in the Kahler cone of P. As a consequence, the indefinite theta-series does not 
transform well under SL(2,Z) in general. However, from the discussion of sect. 2.1 we 
expect, that the generating series f^j{T) transforms with weight —llU^ltl ^ vector- 
representation under the full modular group, where r{A) denotes the rank of the lattice A. 
Hence, there is a need to restore modularity. The idea is as follows. 



'Note, that this is not the symplectic product of D-brane charges defined before. 
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Following Zwegers |^^, it turns out that the indefinite theta-function can be made mod- 
ular at the cost of losing its holomorphicity. From the definition ( p.20 ) Zwegers smoothes 
out the sign-functions and introduces a modified function as 




where E denotes the incomplete error function 

E{x) = 




du. 



(3.23) 



(3.24) 



Note, that if c or c' lie on the boundary of the Kahler cone, one does not have to smooth 
out the sign-function. Zwegers shows, that the non-holomorphic function 
isfies the correct transformation properties of a Jacobi form of weig ht \r{K). Due to the 
non-holomorphic pieces it contains mock modular forms, that we want to identify in the 
following. In order to separate the holomorphic part of Q^^f^iT, x) from its shadow we recall 
the following property of the incomplete error function 



E{x) = sgn(x)(l - /3i(x^)), 
which enables us to split up 0^^^ (r, x) into pieces. Here, j3k is defined by 



Hence, one can write eq. (|3.23| ) as 



'du. 



with 



- E 

2 ^ 



sgn(^, c) - E 



If c belongs to C{P) D Q''^^), we may write 

%{T,x)=R{T,x)e{T,x) 



(3.25) 



(3.26) 



(3.27) 



(3.28) 



(3.29) 



where we decomposed the lattice sum into contributions along the direction of c and per- 
pendicular to c given by R and 6, respectively. Hence, is a usual theta-series associated to 
the quadratic form Q\{c)-^, i.e. of weight (r(A) — l)/2. R is the part which carries the non- 
holomorphicity. It transforms with a weight ^ factor and therefore Coeff27rij/(-R(T, [-P]y)) is 
of weight |. Following the general idea of Zagier |25| that we recapitulate in appendix^, 
we should encounter the /Ss function in the 27ri?/-coefficient of Indeed one can prove the 

2 

following identity 

Coeff2..,<^^(r,[P]y) = -i-i^ ^ Kc,OI Z?! ^""'^"'^^'^ 



-Q{c) 



(3.30) 
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Taking the derivative with respect to r in order to obtain the shadow we arrive at the 
following final expression 



3 



d^CoeS2.iy^'^{T, [P]y) = -J-^^ (-1)''^' ^-m,c^^'°)' (^-^^^ 

where we define the Siegel-Narain theta-function 6j[}c{T, z) as in eq. ( 2.13| ). For more details 
on the transformation properties of the indefinite theta-functions we refer the reader to 
appendix 

Now, these results can be used to compute the elliptic genus for two M5-branes wrap- 
ping the divisor P. Consider 



/S(^) = /m.^'(^) - ^^^^ Coeff2..,e^/;(r, [P]y), (3.32) 



where f^j'{T) is a holomorphic ambiguity given by the generating series in a reference 
chamber J' , which we choose to lie at the boundary of the Kahler cone J' £ dC{P). In 
explicit computations it may be possible to choose J' such that the BPS numbers vanish. 
In general, however, such a vanishing chamber might not always exist, but since J' is at 
the boundary of the Kahler cone, /^,j'(t) has no influence on the modular transformation 
properties, nor on the holomorphic anomaly. We write the full M5-brane elliptic genus as 

/iS A*/A 

where j denotes the modular completion as outlined above. We can show using Zwegers' 
results [24 1, that the M5-brane elliptic genus transforms like a Jacobi form of bi- weight 
(— |, ^). Again, we refer the reader to appendix]^ for further details. 

3.3.2 Proof of holomorphic anomaly at rank two 

Now, we are in position to prove the holomorphic anomaly at rank two for general surfaces 
P with 6^(P) = 1. The holomorphic anomaly takes the following form 

V,zf(r,.)=ri''^^t^^ {Z^\r,.))\ (3.34) 

where the derivative Vk is given as 

V, = d, + ^^dl, (3.35) 

(2) 

and 2+ refers to the projection of z along a direction J G C{P). For the proof, T>2Zp can 
be computed explicitly. Using (|3.31| ) we obtain directly 

T) 7(2)/ N 3/2 1 J-[P]^K^{rf' ^ i\4At2 (2) n^fl(2) /o Qf;\ 

V^Zp ir,z) = r, (^^_m/^^0)(^,,A^^^)- (3-36) 

Since the following identity among the theta-functions Ou j holds 



= E (-l)''''^i!lPl/^'0)^S(^'^)' (3-37) 
lie A* /A ^ ' 

we have proven the holomorphic anomaly equation at rank two for general surfaces P. 
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4. Applications and extensions 



In the following we want to apply the previous results to several selected examples. Before 
doing so, we explain two mathematical facts which will help to fix the ambiguity /^,j'(t), 
which are the blow-up formula and the vanishing lemma. After discussing the examples, 
we turn our attention to a possible extension to higher rank. This leads us to speculations 
about mock modularity of higher depth and wall-crossing having its origin in a meromorphic 
Jacobi form. 

For the modular forms used in this section, we refer the reader to appendix 



4.1 Blovif-up formulae and vanishing chambers 

There is a universal relation between the generating functions of stable sheaves on a surface 
P and on its blow-up P |5|, 
TT : P — 7- P the blow-up at a non-singular point with E the exceptional divisor of vr. Let 
J G C{P), r and fi such that gcd(r, r/i ■ J) = I. Then, the generating series fj^j{T;P) and 

f'^j{T]P) are related by the blow-up formula 
with Br^k given by 

r 

The second fact states that for a class of semi-stable sheaves on certain surfaces the 
moduli space of the sheaves is empty. We refer to this fact as the vanishing lemma pT| . 
For this let P be a rational ruled surface tt : P — )• and J be the pullback of the class of 
a fiber of tt. Picking a Chern class /u with r/u • J odd, we have 

A^((r,/i,A),J) =0 (4.3) 

for all d and r > 2. 

4.2 Applications to surfaces with 6^ = 1 

The surfaces we are going to consider are P^, the Hirzebruch surfaces Fq and Fi, the del 
Pezzo surfaces Bs and Bg. 



83, 84, 51 1 . Let P be a smooth projective surface and 



Projective plane P 

The projective plane P'^ has been discussed quite exhaustively in the literature. The rank 
one result was obtained by Gottsche [^] 



,(1) _ M-T,-Z) 
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The generating functions of the moduh space of rank two sheaves or SO{3) instantons of 
Super- Yang- Mills theory on were written down by |85, |5| and are given by 



oo 

n=0 ' ^ ' 

oo 



/o(r) = y:x(-M((2,0,n), J))g"- - ^^'^^^ 



(4-5) 



n=0 ' ^ ' 



Here, hjij^ are mock modular forms given by summing over Hurwitz class numbers Hiji) 

oo 

h,{T) = ^ i7(4n + 3j)g"+^, (j = 0, 1). (4.6) 

n=0 



Their modular completion is denoted by hj{T), where the shadows are given by i?3_j(2r) 
||2^. Explicitly, we have 



dfhjir) = ^^3_^.(-2f). (4.7) 

Note, that these results are valid for all Kahler classes J G //^(P^,Z) as there is no wall 
crossing in the Kahler moduli space of P^. This leads directly to the following elliptic genus 
of two M5-branes wrapping the P^ divisor 

zI^J{t,z) = /o(T)^92(-2f,-2z) -/i(T)i?3(-2r,-2z). (4.8) 

Denoting by I?2 = df + ^<9f one finds the expected holomorphic anomaly equation at rank 
two, given by-^^ 

A^)f^.\- ^-|/ (1) a2 



Z'^Vir, z) = --^^2 ' z)) , (4.9) 

which can be derived directly from the simple fact that 

i9i(r, zf = i92(2t)7?3(2t, 2z) - i?3(2t)i?2(2t, 2z). (4.10) 



Further note, that the g-expansion of /o, eq. ( [4.5| ), has non-integer coefficients. It was 
explained in that this is due to the fact that the generating series involves the fractional 
BPS invariants jl(r), which we encountered before. 

Hirzebruch surface Fq 

Our next example is the Hirzebruch surface P = ¥q. We denote by F and B the fiber and 
the base P^'s respectively. For an embedding into a Calabi-Yau manifold one may consult 
app. A. 2. Let us choose J = F + B, J' = B and Chern class /U = F/2. The choice /i = B/2 
can be treated analogously and leads to the same results. The other sectors corresponding 
to /X = and = {F + B)/2 require a knowledge of the holomorphic ambiguity at the 
boundary and will not be treated here. One obtains 

C^si-) = ^Coeff2..,(eJ+^'^(r, [P]y)) 

= q-Ti {2q + 22q^ + UQq^ + 742g^ + ...)> 
^''This result has already been derived in Pq]. 
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where we denote by /i either B/2 oi F/2. This exactly reproduces the numbers obtained 
in H]. 

We want to compute the shadow of the completion given by adding ^^^^ and 
to the indefinite theta-series ^ ' . Since B is chosen at the boundary, <I>^ vanishes 
for /X = F/2, B/2. The only relevant contribution has a shadow proportional to '&2{'t)- 
Precisely, we obtain 



f(2) /^ -3/2 1 Mr)Mr) , FB 
Hirzebruch surface Fi 

The next example is the Hirzebruch surface Fi, which is a blow-up of A gain we denote 
by F and B the fiber and base P^'s. The hyperplane is given by the pullback oi F + B 
and B is the exceptional divisor. This example is particularly nice, since we can check 
our results against the blow-up formula (4.1) or use the results known from P^ to write 



generating functions in sectors which are not accessible through the vanishing lemma. 
Notice, that the holomorphic expansions have been already discussed in ref. |44]. From 



the general discussion one sees that there are four different choices for the Chern class 
/.G{f,^,f,0}. 

First, we choose J = F + B, J' = F and Chern class /i = B/2. We then obtain 



= ^Coeff2..,(e^+«'^(r, [P]y)) 

= ( - g + yg^ + 91g3 + 558g^ + . . . 



(4.13) 



A check of this result against the blow-up formula ( [4.1] ) applied to P^ yields 

3/.o(t)t?2(2t) _ ^_ 1 / 1 „ 15 2 , n-,„3 , ...4 , \ _ ,{2) 



776 (r) r/2(T) ^ V 2 
Further, we calculate the shadow by differentiating /(^) with respect to f 



which also is in accord with the blow-up formula. Note, that ( [4.13| ) has half-integer expan- 
sion coefficients, since J = B + F lies on a wall for the Chern class = B/2. 

As a second case we choose J = F + B, J' = F and Chern class /i = {F + B)/2 and 
obtain 

= ^Coeff2..,(e^+^'^(r, [P]y)) 

= {q + 13g^ + 93^3 + 496g^ + ■■■), 
which we again can check against the blow-up formula (|4.1| ) for P'^ 
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Calculating the shadow yields 



which is also in accord with the blow-up formula. 

The last two sectors fj, = F/2,0 are not accessible via the vanishing lemma. However, 
using a blow-down to we observe, that the above two cases reproduce correctly the two 
Chern classes in the cases of rank two sheaves on P^. Using the blow-up formulas once 
more we finally arrive at 

,(2) . . _ 3/io(r) ^3(2t) 



(4.19) 



'(0,0), JVV ^6(^) ^2(^) ' 

.(2) . . ^ 3/^1 (r) ^2(2r) 

(2) ^ 3/io(r) ^2(2t) 

' 7?6(r) r?2(r) ' 
(2) ^ -ih^ir) ^3(2t) 

■'(if)'-^^ ^ r?6(r) r?2(r) ' 

("2") f2) 

where J = F -\- B and = (a, 6) = aF + hB. Note, that in the cases /^q q-, j and /^q j 
the blow-up formula is not valid since we violate the gcd-condition, as vr*^ = in these 
cases. However, for rank two sheaves on Fi the blow-up formula seems to work anyway, 
since the generating series using the blow-up procedure and the indefinite theta-function 
description coincide for the Chern class = (0, |). 

Del Pezzo surface B% 

As in 1^] we embed the surface in a certain free Z5 quotient^* of the Fermat quintic 
X = {Y^i=i = 0} ill The action of the group G = Z5 on the projective coordinates 
of the ambient space is given by Xi ~ co^Xi, where u = e^'^*/^. For the hyperplane section, 
denoted P, we observe that = 1, as for the Fermat quintic the five points of intersection 
of three hyperplanes {xi = xj = Xk = 0} are identified under the action of the group G. 
The Euler character of the hyperplane is given by xiP) = H- It can be shown that the 
divisor P is rig id and has = 1. We observe that H^{P, Z) = Z (-Es) as is explained 
in The elliptic genus of a single M5-brane is then fixed by the modular weights 

zP{T,z) = ^M-r,-z). (4.20) 
The form of Zp^ can now be calculated as for and is given by 



Zpir,z) ~ ^^^(/io(r)??2(-2f,-2z) -/ii(T)i?3(-2r,-2z)). (4.21) 



*The only freely acting group actions for the quintic are a Z5 and the above Z5 
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The holomorphic anomaly equation fulfilled by Zp (r, z) can be obtained as in the case 

_ 3 

V2 (r, ^) ~ ^ {Z? (r, .)) ' . (4.22) 
Del Pezzo surface Bg, the \K3 

We end our examples by returning and commenting on ^K3 or Bg which was the example 
of section (|2.2| ), as M5-branes wrapping on it give rise to the multiple E-strings. The Bg 
surface can be understood as a blown up at nine points (see appendix ^ for details) 
or a rational elliptic surface. This case is interesting as one can map via T-duality along 
the elliptic fibration the computation of the modified elliptic genus to the computation of 
the partition function of topological string theory on the same surface The middle 
dimensional cohomology lattice of Bg is given by H^{Bg,Z) = r^'i e Es and the Euler 
number can be computed to xi^d) = 12. Modularity then fixes the form of the elliptic 
genus at rank one to 

r/(r) 



4:ir,z) = ^ell\{r,z), (4.23) 



where 6^j{t, z) is the theta-function associated to the lattice F^'^ with standard intersection 
form 

i-dAB) = (i • (4.24) 

Choosing the Kahler form J = {R^^, 1)^, where (1, 0)^ is the class of the elliptic fiber, one 
can show that 

Ooj{t,0)-^^= as R-^oo. (4.25) 



In this limit of small elliptic fiber one recovers the results of sect. 2.2. The factor E4^{t) is 
precisely the theta-function of the £^8 lattice. The results obtained from the anomaly for 
higher wrappings of refs. ||2^, ^ were proven mathematically for double wrapping in ref. WA - 
In this analysis the Weyl group of the lattice was used to perform the theta-function 
decomposition. 

4.3 Extensions to higher rank and speculations 

In the following sections we want to discuss the extension of our results to higher rank. 
Partial results for rank three can be found already in the literature |86, |89| . 



Thereafter, we discuss a possible generalization of mock modularity and speculate about a 
contour description which stems from a relation to a meromorphic Jacobi form. 

4.3.1 Higher rank anomaly and mock modularity of higher depth 

We want to focus on the holomorphic anomaly equation at general rank as conjectured in 
Q. We recall that its form is given by 

r-l 

VrZ^;\T,z) ~ J^n(r-n)4"^(r,z)Z;r-")(T,z), (4.26) 
n=l 
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where ^ (r, z) can be decomposed into Siegel-Narain theta-functions as described in sec- 
tion One may thus ask the question what it imphes for the functions f^j (r) for general 
r. In order to extract this information we want to compare the coefficients in the theta- 
decomposition on both sides of ( [4.26 ). For this we need a generalization of the identity 



( |3.37 ). A computation shows that 



{r,z)e^ir\r,z)= <xir)0^;>Ar,z), (4.27) 

^tG A*/A 



where c'^^ are Siegel-Narain theta-functions themselves given by 

Q 



<xir) = 5,{„) Y f^^'\-^^- (4.28) 



with g = gcd(n, r — n) and 5g{^) yields one if is divisible by g and vanishes otherwise. 
With this input one finds 

54:i(-)~E-(^--) E f^J:h)ftT\r)<xir). (4.29) 

n=l i/,AeA*/A 

which sheds some light into the question about the modular properties of generating func- 
tions at higher rank as follows. 

The structure of eq. ( 4.29| ) indicates, that an appropriate description of the generating 



function j needs a generalization of the usual notion of mock modularity. This results 



from the fact, that on the right hand side of the anomaly equation (4.29), mock modular 



forms appear, such that the shadow of j is a mock modular form itself. Therefore, it is 
also subject to a holomorphic anomaly equation. This would lead to the notion of mock 
modularity of higher depth |9^] , similar to the case of almost holomorphic modular forms 
of higher depth. These are functions like E2{t) and powers thereof, which can be written 
as a polynomial in with coefficients being holomorphic functions. 

A further motivation for this comes from the observation that the generating functions 

"(r) 

f T could be obtained from an indefinite theta-function as in the case of two M5-branes. 
The lattice, however, that is summed over in these higher rank indefinite theta-functions 
will be of higher signature. In the case of r M5-branes one would expect a signature 
(r — 1, (r — l)(r(A) — 1)) due to the r — 1 relative D2-brane charges of the possible r 
decay products of D4-D2-D0 bound-states |42, 43|. However, a complete discussion of the 



modular properties of such functions and their relation to mock modular forms of depth 
is beyond the scope of this work. We would like to come back to this question in future 
research. 



4.3.2 The contour description 

bra 

dicate any dependence of Zp^ on a Kahler class/ chamber J G C{P). The basic assumption 

(r) 

is that the elliptic genus does not depend on such a choice. We simply think about Zp 



The elliptic genus of r M5-branes wrapping P is denoted by Zp^T, z), where we don't in 
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as being a meromorphic Jacobi form, which has poles as a function of the elliptic variable 
z. We assume, that it is of bi-weight (— |,^). In the following we want to exploit the 
implications of this statement. 

It is known that a Jacobi form has an expansion into theta-functions with coefficients 
being modular forms. Since Zwegers |24], we also know that a meromorphic Jacobi form 
with one elliptic variable has a similar expansion, where the coefficients are mock modular. 

(r) 

Using our Siegel-Narain theta-function 6^ j[t,z), eq. (2.13), we conjecture the following 
expansion 

G A*/A 

with J a point in the Kahler cone which is related to a point zj G Ac where the decompo- 
sition is carried out. Note, that in eq. (1^ the term "Res" should be given as a finite sum 
over the residues of Zp^ (r, z) in the fundamental domain zj + er + e with e = [0, 1]''(^) . 

Let's see how the dependence on J comes about. Doing a Fourier transform we can 
write 

&hT) = {-lY^■^^^qi^'+q-i^'- zP {t, z)e^^'''''^^+^-^y'dz, (4.31) 



JCj 

(r) 

where Cj is a contour which has to be specified since Zp is meromorphic. Due to the 
periodicity in the elliptic variable Cj can be given as zj + e for some point zj. Now, 

(r) 

suppose we have a parallelogram V = zj + ezji + e and that there is a single pole of Zp 
inside V, say at z = zq. Then, we obtain by integrating over the boundary of V 

ft}jir) - ft^Ar) = 2..a,(r) Res [zP {r, z)e-^--^^^'^y^) , (4.32) 

where we abbreviate 

a^(r) = (-l)'^'^-[^]gi^+g-i'^-. (4.33) 

That is, the coefficients of the Laurent expansion of the elliptic genus encode the jumping 
of the BPS numbers across walls of marginal stability and the walls are in one-to-one 

(r) 

correspondence with the positions of the poles of Zp . An analogous dependence on a 



contour of integration for wall-crossing of = 4 dyons was introduced in refs. |91 



(r) (r) 

Moreover, the shadow of j should be determined in terms of the residues of Zp , 
since a generalizations of the ideas of [24| should show, that it is contained in the factor 
"Res" of eq. ( |4.30| ). Thus, combining this result with the interpretation of eq. ( 4.32| ) 
one expects, that the shadow not only renders /^'^j modular, but also encodes the decay 
of bound-states and hence knows about the jumping of BPS invariants across walls of 
marginal stability. 

It is tempting to speculate even further. When comparing our results to the case of 
dyon state counting in A/" = 4 theories |40, 41 1 one might suspect that there is an analog 
of the Igusa cusp form in our setup. In the = 4 dyon case there are meromorphic 
Jacobi forms, often denoted which are summed up to give In analogy, it may be 
useful to introduce another parameter p £ V. and to study the object 

rp\r,p,z) = YzPir,z)e'^^'P. (4.34) 

r>l 
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5. Conclusions 



In this paper we investigated background dependence of theories that originate from r M5- 
branes wrapping a smooth (semi-)rigid divisor P in a Calabi-Yau three-fold background. 
Such divisors P have 6^ = 1 and (semi-) positive anti-canonical class. In this case the 
wrapped M5-brane can be studied locally in the Calabi-Yau manifold using an effective 
description of the M5-brane theory on P x by a twisted U{r) M = 4: Super- Yang-Mills 
theory on P. 

(r) 

The main object of interest was the partition function Zp of the twisted gauge theory 
and its modular and holomorphic properties. This partition function can be related to 
the modified elliptic genus of the J\f = (0, 4) sigma model description of the M5-brane. 
Using the spectral flow symmetry one establishes for all r a decomposition of the partition 
function into vector-valued modular forms fj^j{T) w.r.t. the 5'-duality group of = 4 

Super- Yang-Mills and Siegel-Narain theta-functions 6^^^j{t,z). 

Our main result is a rigorous proof of a holomorphic anomaly equation of the partition 
function valid for rank two on all P described above. The proof in section 3.3.2 relies on the 
large volume wall-crossing formula of Gottsche [^] for invariants associated to sheaves on 
P, which are related to integer BPS invariants. By summing the change of the invariants 
across all intermediate walls one can express the difference of the generating function of 
the invariants fj[j{T) in two arbitrary chambers J and J' in the Kahler cone in terms of 

an indefinite theta- function (t, -z) |27]. This theta- function is regularized by cutting 
out the negative directions of the quadratic form on the homology lattice, a procedure 
which renders the result in general not modular. The spoiled S-duality invariance can 
be regained following the work of Zwegers by smoothing out the cutting procedure with 
the non-holomorphic error function. The non-holomorphicity introduced by this procedure 
completes the mock modular forms fj^ j{T) to non-holomorphic modular forms f^j{T). 
The non-holomorphicity of the Siegel-Narain theta-functions on the other is trivial since 
it is annihilated by the non-holomorphic heat operator. This allows to write a concise 
holomorphic anomaly equation for the partition function ( 3.34| ). 

We check this holomorphic anomaly equation and its implications for the counting of 
invariants of sheaves on P^, Fq, Fi and Bg in section The anomaly equation ( p. 341) is in 
particular compatible with the form of a holomorphic anomaly that has been conjectured in 
the context of E-strings on ^K3 for all r and checked for certain classes using the duality to 
the genus zero topological string partition function Since the non-holomorphicity of the 
fj[j{T) for r > 1 is related in an intriguing way to mock modularity and wall-crossing, we 
analyzed the decomposition for arbitrary rank and give a general form of the conjectured 
general anomaly equation at the level of the fj[j{T) in equation ( [4.29 ), which indicates a 

theory of mock modular forms of higher depth |9^. The holomorphic limit of the fj[j{T) 
yield generating functions for invariants associated to sheaves of rank r. However, it is in 
general difficult to provide boundary conditions, which fix the holomorphic ambiguity. 

The wall-crossing of Gottsche, which induces in the steps described above the non- 
holomorphicity of the f^ j{T), can be rederived using the Kontsevich-Soibelman wall- 
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crossing formula, as we did in section As the wall-crossing formula takes a primitive 
form at rank two, one can rewrite the generating function of BPS differences in terms of 
an indefinite theta-function. The Kontsevich-Soibelman formula can be used for arbitrary 
rank to determine the counting functions fj^jiT) for all sectors fj, in all chambers, if it 
is known in one chamber for all fi, e.g. by a vanishing lemma or use of the blow-up for- 
mula. This was studied for rank 3 by [Q], where it was also shown that the rank three 
wall-crossing formula is primitive. In general if the wall-crossing formula is primitive, the 
sum over walls induce lattice sums of signature (r — with similar regulariza- 

tion requirements as for the rank two case. It is an interesting question if the program 
of Zwegers to build modular objects can be extended to the higher rank situation and 
leads upon non-holomorphic modular completion to the conjectured form of holomorphic 
anomaly equation and a precise notion of the mock modular forms of higher depth. 

The problem of providing boundary conditions at least in one chamber for the del 
Pezzo surfaces (except for the Hirzebruch surface Fq) can in principle be solved by using 
the blow formula in both directions in connection with the wall-crossing formula before 
and after the blow-up. However, the blow-up formula in the literature apply only if r and 
ci • J have no common divisor. This restriction forbids in general to provide boundary 
conditions for all sectors. 



The higher genus information discussed in equation (|2.33D gives finer information about 
the cohomology of moduli spaces of sheaves than its Euler number. Namely, an elliptic 
genus obtained by tracing over the right quantum numbers of the Lefshetz decomposition 
in the cohomology of the moduli space. On rigid surfaces it can be further refined to 
include the general Q background parameters of Nekrasov ||9^ , which capture the individual 
quantum numbers |9j]. For rank two such refined partition functions have been 



considered in |95| and it should be possible to extend the consideration above to the refined 
BPS numbers. Furthermore, the relation between D6-D2-D0 brane systems as counted 
by topological string theory and D4-D2-D0 brane systems associated to black hole state 
counting is the hallmark of the OSV conjecture [^], which has been intensively studied. 
Wall-crossing issues in combination with this conjecture have been studied in ref. p3[ and 



more recently from an M-theory perspective for example in ref. |97|. It would be interesting 
to examine the implications of the anomaly equation in these contexts. 

A conceptually very interesting but at this point more speculative approach is to 
consider the elliptic genus as a J independent meromorphic Jacobi form, as we did in 



section 4.3.2 . As shown by Zwegers such meromorphic Jacobi forms have an expansion 
in theta-functions whose coefficients are mock modular forms, just as holomorphic Jacobi 
forms have an expansion in theta-functions with holomorphic modular forms as coefficients. 
This formalism relates the changes in the BPS numbers across walls of marginal stability 



to the different choices of the contour in the definition of fnj{T) as a Fourier integral of 



zP, i.e. to the poles in , like in the = 4 case |9|, |2|. 
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A. Divisors in Calabi-Yau spaces 

Let us recapitulate here some facts of the geometry of smooth divisors P in a Calabi-Yau 
three- fold X. 

A.l General facts about rigid divisors 

We start with some facts about complex surfaces. The Riemann Roch formula relates the 
signature a and arithmetic genus xo to Chern class integrals 



a 



- = I l^icl - 2C2), XO = Y^^-lTho = ^ jj^cl + C^). (A.l) 



Regarding the embedding one has the distinction whether P is very ample or not, 
i.e. if the line bundle £p is generated by its global sections or not. In the former case 
P has hP{X,Cp) — 1 deformations and there exists an embedding j : X ^ Pp so that 
Cp = j*{0{l)), i.e. P can be described by some polynomial. This situation has been 
considered in Q, where the deformations and b'^,b~ have been given. Generically one has 
h?'^{P) = \{b2 — 1), which is positive in the very ample case. 

In this work we consider mainly rigid smooth divisors. In this case one has no de- 
formations and locally the Calabi-Yau manifold can be written as the total space of the 
canonical line bundle 0{Kp) — )• P and the latter can be globalized to a elliptic fibration 



over P, see section [A. 4 for P = F„. In this case Ap = A, compare sec. 2.1. 

As X is a Calabi-Yau manifold and to allow no section, P has to have a positive > 
anti-canonical divisor class D = —Kp, which is also required to be nef, i.e. D.C > for any 
irreducible curve C. This defines a weak del Pezzo surface. If D.C > 0, then D is ample 



and P is a del Pezzo surface |99]. Del Pezzo surfaces are either Bn, which are blow-ups of 
r m n < 8 points or x We can also allow the Hirzebruch surface F2 which is weak 
del Pezzo. 

As hifi = /i2,o = one has xo('Bn) = 1 for all surfaces under consideration. As the 
Euler number xi^n) = 3 + n one has by ( |A.1D that /p cf = 9 — n, which implies that n = 9 
is the critical case for positive anti-canonical class, and (6^,62 ) = (1)^)- The case n = 9 
is called |K3. We include this semi-rigid situation. 

In more detail the homology of i3„ is generated by the hyperplane class h of P^ and the 
exceptional divisors of the blow-ups Cj, with the non- vanishing intersections /i^ = 1 = — e?. 
The anti-canonical class is given by —Kq^^ = 3h — J27=i ^i- Defining the lattice generated 
by this element in H2{P,'L) as '^Kq^ and i?* = {"Lkb^)^ one sees that is trivial and E'^ 
are the lattices of the Lie algebras {Ai,Ai x A2,Ai, D^jEq, Ej, Eg) for n = 2, . . . , 8. The 
corresponding basis in terms of {h,ei) is worked out in |99]. The homology lattice for Bg 



is r^'^ © Eg,, where F^'^ is the hyperbolic lattice with standard metric. 

In order to study topological string theory in Calabi-Yau backgrounds realized in simple 
toric ambient spaces, one has to consider situations in which A C Ap, which is the case for 
the ^K3 realized in the toric ambient space discussed in the next section. 
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A. 2 Toric data of CY containing Hirzebruch surfaces F„ 

Let X be an elliptic fibration over F„ for n = 0,1,2 given by a generic section of the 
anti-canonical bundle of the ambient spaces specified by the following vertices 

i?o = (0,0,0,0), Z)i = (0,0,0,1), Z)2 = (0,0,1,0), Z)3 = (0,0,-2,-3) 
Z)4 = (0,-1,-2,-3), 1)5 = (0,1, -2, -3), A = (1,0,-2,-3), D7 = {- 

One finds large volume phases with the following Mori-vectors 



n. 



-2,-3). 





Do 


Di 


D2 


D3 


D4 


D5 


De 


D7 






-6 


3 


2 


1 
















f = 











-2 


1 


1 





















n - 2 


—n 





1 


1 





We choose a basis {C^,A = 1,2,3} of H2{X,Z,). Let Ka be a Poincare dual basis of 
the Chow group of linearly independent divisors of X, i.e. J^a Kb = S^. The divisors 
Di = I^Ka have intersections with the cycles given by Di.C^ = if. We have the 
following non- vanishing intersections of the divisors given by 



Ki.K2.K3 = l, Ki.Kl=n, KlK2=n + 2, Kf.K3 = 2, Kf = 8. (A.2) 

The divisor giving the Hirzebruch surface inside the Calabi-Yau manifold corresponds to 

[F„] = D3 = Ki- 2K2 - (2 - n)K3. (A.3) 

Thus, the metric on if^(Fn,Z) coming from the intersections in the Calabi-Yau manifold 
is 

/o o\ 

{KA.KB.Wn]) = n 1 . (A.4) 
\0 1 0) 

Projecting out the direction corresponding to the elliptic fiber we reduce the problem to 
the Hirzebruch surface itself. We denote hj F = K3 and B = K2 — nK^ the class of the 
fiber and base, respectively. Thus, the canonical class reduces to [F„] = — (2 + n)F — 2B. 
The intersection numbers are given as follows 




(A.5) 



(A.6) 



/ F.F F.B \ _ 
\B.F B.B j ~ 

Hence, the Kahler cone is spanned by the two vectors F and 2B + nF, i.e. 

C{¥n) = {J € H^{¥n,R)\J = tiF + t2{2B + nF), ti,t2 > 0}. 
For n = 1 the geometry admits also an embedding of a K3 and a Bg surface. 

B. D-branes and sheaves 



In order to clarify our notation we collect some facts about D-brane charges and the 
stability conditions for a bound-state system of D4-D2-D0 branes wrapped around a divisor 
i : P ^ X inside a Calabi-Yau three-fold X. See e.g. [IOC] for a review. 
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B.l Charges of D-branes and sheaves 

The D4-D2-D0 brane-system is specified by a (coherent) sheaf E on P. The image of the 
K-theory charge of the sheaf E in Q) is given by the Mukai vector |lOl|, p|, fol 



r = ch(i,£:)VTd(X), (B.l) 

where i^^E denotes the extension-sheaf to X. Using the Grothendieck-Riemann-Roch- 
theorem 

i*(ch(f) Td(P)) = ch(f,S) Td(X), (B.2) 

and the expressions 

Td(rr = i + ^..(y-)+ P°'-°'"'!:f + ^°°''^' (B.3) 

3 1 

ch(y) = J^chi(y) = rk(y) + ci(y) + -cx{Yf - c^ij) (b.4) 

3 1 

ch(y*) = ^chi(y*) = rk(y) - ci(y) + -c^ijf - C2(y), (b.5) 



j=0 



where Y* denotes the dual sheaf, one obtains | 103 |: 



+ 12 + r J 24 ' 

where r is the rank of the sheaf E and one has to note, that ci(X) = as X is Calabi-Yau. 
Using the adjunction formula we arrive at 



r = (Qe , Q4 , Q2 , Qo) = r ( , [P] , uF , 
Here we introduced 



24 Jp 2 



(B.7) 



F=^ + ^, (B.8) 

A = ^{2rc2{E)-ir-l)c,{Ef). (B.9) 

The quantity A is called the discriminant. 

B.2 Stability conditions and moduli space 
Il-stability 

Given the K-theory charges the expression for the central charge from mirror symmetry is 
Z{E) = - J e~(^+'-^) T{E) + (instanton - corrections) 

- \c^{E)c,{P) - '-c,{Pf - ^C2{P) + 0{e-'), 
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where J is the Kahler form of X and t = B + iJ. We now denote the phase of Z{£.) by 

ip{£) = -KYgZ{£) = -lm\ogZ{£). (B.ll) 
vr vr 



A sheaf £ is called n-(semi)-stable |104| , |105(| iff for every (well-behaved) subsheaf 

^{^) < viS), (B.12) 

where the strict inequality amounts to stability. If the inequality is strictly fulfilled (a stable 
sheaf) a decay is impossible by charge and energy conservation. Note, that the Il-stability 
condition involves an infinite tower of quantum corrections at an arbitrary point in moduli 
space. 

Instability 

In a large volume phase (t — t- oo) of the Calabi-Yau the instanton-corrections are suppressed 



by 0{e *) and the classical expressions become exact. In this limit we are left with [80|: 



= i Imlog (- ^ . IF]) + 2 + O (jj) . (B.13) 

Il-stability now amounts to the definition 

(i*J) ■ < (i*J) • for any nice subsheaf J^C£, (B.14) 

rk(>) rk(i£:) 

where i*J denotes the pullback of the Kahler form of the Calabi-Yau to P and all expres- 
sions are understood on P. The quantity appearing in the above definition is called slope 
and denoted by fJ-{£), i.e. 

M^):=(^*«^)-||y- (B.15) 

The above condition is called //-(semi-)stability and the classical notion of the stringy Il- 
stability. Note also, that //-stability is not sensitive to how the lower dimensional charges 
are distributed among decay products. This is in contrast to Il-stability, where quantum 
corrections change this insensitivity. 

Dimension of moduli space 

On general grounds the moduli space of a D-brane modelled by a sheaf £ is given by 
Ext^(£', £). The elements of this group count the number of marginal open string operators 
in the spectrum of the BCFT describing the B-brane. We assume, that P is a rational 
surface and further that the sheaf £ is /i-stable and that (i*J) • [Kp] < 0. Under these 
assumptions the moduli space is smooth and the following formula for its dimension holds 



m 



dimExt^(£:,£:) = 1 -Fr2(2A - 1). (B.16) 
A consequence is that for a slope-stable sheaf one has 

A > 0, (B.17) 

which is a condition on the stable bundle's Chern classes. 
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C. (Mock) modularity 



In this appendix we want to review the definition and some basic properties of mock 
modular forms and give the definitions of modular forms appearing in the main body 
text. For more details on mock modular forms the reader is referred to the mathematics' 



literature gj, |5|,|2§. 

C.l Mock modular forms 



Following , we denote the space of mock modular forms of weight k by and the space 
of modular forms by M^. Mock modular forms are holomorphic functions of r, which is 
an element of the upper half plane Ti, but do not transform in a modular covariant way. 
However, to every mock modular form h of weight k there exists a shadow g S M2-k such 
that the function h, given by 

Mt) = Mt)+5*(t) (C.l) 



transforms as of weight k. Denoting by g'^{z) = g{—z), the completion g*{T) is defined by 

POO 

g*{T) = -{2if {z + T)-''g'{z)dz. (C.2) 



Thus, h is modular but has a non-holomorphic dependence. The corresponding space con- 
taining forms of type ( |C.1|) is denoted by Mj^. Given g as the expansion g{T) = Yln>o ^nQ"', 
the completion 5*(r) can also be written as 

g*{r) = Y,n'"'bnPk{^nr2)q-\ (C.3) 

n>0 

with T2 = Im (r) and /3k defined by 

/oo 
-u-'^e-^^du. (C.4) 

Conversely, given h, one determines the shadow g by taking the derivative of h with 
respect to f . One easily sees that 

dh dg* -k—TT 

This viewpoint opens another characterization of as the set of real-analytic functions 
F that fulfill a certain differential equation. To be precise, let us define the space 971^ as 
the space of real-analytic functions F in the upper half-plane T-L transforming as a modular 
form under P C SL(2,Z), i.e. 

F{jT) = p{^){cr + dfF{T), 

where ^(7) denotes some character of F and we demand exponential growth at the cusps. 
Hence, the space of completed mock modular forms can now be characterized by 
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This definition induces the following maps^^ 

= 9?tfc,o ^ ^'-^^ 9?tfc,o = (C.7) 

so that the composition can be converted to the Laplace operator in weight k. Hence, mock 
modular forms in have the special eigenvalue f (l — -f) and are sometimes also called 
harmonic weak Maass forms. 

Zwegers showed in that mock modular forms can be realized in three different 
ways, namely either as Appell-Lerch sums, indefinite theta-series or as Fourier coefficients 
of meromorphic Jacobi forms. Further, there is a notion of mixed mock modular forms, 
which are functions that transform in the tensor space of mock modular forms and modular 
forms. However, we will call them simply mock modular forms as well. 

In the following a simple example of a mock modular form is presented. 

Example: E2 as a mock modular form 

The modular completion of the holomorphic Eisenstein series E2 (see below for a definition) 
has the form 

E2{t) = E2{t) - — . 

vrr2 

From drE2 = 7"2^^|| we get ^ = a constant shadow. Doing the integral indeed yields 



00 



Z + T 



■KT2 



C.2 Modular forms 



Let us collect the definitions of various modular forms appearing in the main body text. 
We denote the following standard theta-functions by 



In the case that 1/ = we simply denote '!9i(r) = '!?j(T, 0) (notice that '!?i(r) = 0). Under 
modular transformations the theta functions T?j(T) behave as vector- valued modular forms 



^® A function / € OTfc,; transforms under modular transformations 7 € F with bi-weight (fc, Z) and 
character p, i.e. /(7T) = p(-y)(cT + d)''{cf + df f{T). 
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M- 


-l/r) = ^ 




??2(t + 1) 


ITT 

= e 4 772(t 


M- 


= 1 


/f^3(r), 


^?3(t + 1) 


= Mr), 


M- 


-1/r) = ^ 




??4(-r+l) 





of weight ^. They transform as 

(C.IO) 
(C.ll) 
(C.12) 

Further, the eta- function is defined by 

oo 

v{T)=q^^l[{l-qn, (C.13) 

n=l 

and transforms according to 

ry(r + l) =ei5r?(r), 77 (^-i^ = ^^^^(r). (C.14) 
The Eisenstein series are defined by 

n=l ^ 

where denotes the fc-th Bernoulh number. Ek is a modular form of weight k for k > 2 
and even. 

C.3 Modular properties of the elliptic genus 

We denote by Zp ^ (r, z) the elliptic genus of r M5-branes wrapping P as defined previously 
in sect. The elliptic genus should transform like a Jacobi form of bi- weight (— |, ^) and 
bi-index {^{dAB — ^^j^), § ^^ji^ ) under the full modular group. In particular, we impose 

zP{T + l,z)=e{T)zP{T,z), 



4)(_i, — + ^) = e{S) r-|fie--(^+^) Z^ir, z), 



(C.16) 



T T T 



where £ are certain phases [106] 



Siegel-Narain theta-function and its properties 



Let us start by recalling the definition of the Siegel-Narain theta-function of eq. ( 2.13 ) 

nir) 



M(r,z)= (_)K€+M)-[/']^-i(C+^)^^i{C+M)ie2..K€+M)-, (C.17) 



where we define 



e- = e-e+. (c.is) 
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Note, that < if J lies in the Kahler cone. 

If we denote by = df + -^d1^, the theta-function fulfiUs the heat equation 

Vr9^;;^j{T,z) = Q. (C.19) 

Further, we denote by A* the dual lattice to A w.r.t. the metric rd-AB- For /i G A*/A, we 
can deduce the following set of transformation rules 



^/W7M 

(C.20) 

Rank one 

At rank one we have the universal answer 

The transformation rules are simply given by ( p. 141) for the eta-function and for 'dj^j_ we 
obtain (assuming A"*- even and self-dual) 

^^x(r + l)=^Ax(r), 

1 ii4i) (C-22) 



^Ax(--)=(3 ' ^Ax(r). 



Rank two 



Using Zwegers' theta-function with characteristics 1?^^'^ (r) given in def. 2.1 of his thesis 
1 24], we can write 

QlU^,^) = g-^<'^''^>e-2-<«''')^?:'4,(T), (C.23) 

where x = ar + b, i.e. 

^^Im(x)^ ^_ Im(xr) ^ ^^ ^4) 

Im(r) ' Im(r) 

Following Corollary 2.9 of Zwegers p3], we can deduce the following set of transformations 



<5gAVA 



"(2) 

This input enables us to write down the transformation rules for j. They read 



<5gA*/A 



This gives the conjectured transformation properties (C.16). 
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The blow-up factor 

For completeness we elaborate on the transformation properties of the blow-up factor. We 
define 



(C.27) 



We can deduce the following set of transformation rules 



Br,kir + 1) = (-1)15 + ^— 5,,fc(r), 



1 1 /r\-5 ^-^ 2fci(r-i) (C.28) 

0<l<r-l 



D. Elliptic genera of K3 and ^KS 

In the following we give some further examples of elliptic genera of multiple M5-branes 
wrapping the K3 and ^K3 surfaces within the geometry of ref. [^]. The expressions 
for the elliptic genera can be read off from the instanton part of the prepotential of the 
geometry (see section |2.2|) and were given in ref. [107|, the ^K3 expressions were known 



previously in refs. [23 



Elliptic genera of multiply wrapping the K3 

These are obtained by setting ^2 — ^ and can all be obtained from Z^^^ by the Hecke 
transformation. 

1Eii.EQ 



^(1) 



r/24 



^(2) ^ Ba^Eq [iTEl + 7 El) 
96ry48 

^(3) _ {9M9EIEq + 16630^1 £;| + IQmE^El) 
~ 373248^^2 

^(4) _ E^Eq (11422873£;| + 46339341E|£;| + 21978651^|£^| + 880703^^) 
~ 2579890176^796 

E^Eq (27411222535£;i2 + 198761115620£;|£;| + 222886195242£;|£;^) 



30958682112000??i20 
E^Eq (45368414180E|£;| + 911966215£;f ) 



309586821120007?i20 
Elliptic genera of \K3, E-string bound-states 

These are obtained by setting — )• 0, the polynomials containing E2 represent the part 
coming from bound-states. The polynomial appearance of E2 at higher wrapping is an 
example of the appearance of mock modular forms of higher depth at higher wrapping. 



-38- 



Ei{E2Ei + 2EQ)q 
24r?24 

Ei [MElEl + 109^1 + 216E2£;4^6 + 197£;|) q^'"^ 
1555^6 

Ei {2AElEl + 109E2Ej + UAE^EjEe + 272EIEq + 269£:2£^4^i + 154£;|) 

62208r?48 

(i8750£;|£;| + ibmmElElEf^ + i250£;f (io9£;| + uieIeI)) q^l'^ 

373248000r/60 

E^ (1000£;2 (653£;|£;6 + 505£;4£;|) + \mmEl + 772460£;|£;| + 207505£;|) g^/^ 

373248000^60 
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